In this paper, we extend the GKZ-system method to the more general case: compact Complete Intersection Calabi-Yau manifolds (CICY). For several one-deformation modulus compact CICYs with D-branes, the on-shell superpotentials in this paper from the extended GKZ-system method are exactly consistent with published results obtained from other methods. We further compute the off-shell superpotentials of these models. Then we obtain both the on-shell and off-shell superpotentials for several two-deformation moduli compact CICYs with D-branes by using the extended GKZ-system method. The discrete symmetrical groups, Z 2 , Z 3 and Z 4 , of the holomorphic curves wrapped by D-branes play the important roles in computing the superpotentials, in some sense, they are the quantum symmetries of these models.
I. INTRODUCTION
of superpotentials, relative periods, domain wall and Mirror map that will be used in this paper. In the third section, we first give a brief review of the Toric description of the Calabi-Yau manifold and generalized GKZ system, and then we further generalized it to describe compact Complete Intersection Calabi-Yau manifolds including D-branes. In the fourth section, applying the generalized GKZ method to some one-deformation modulus and two-deformation moduli compact CICYs with D-branes, respectively, we obtain both on-shell and off-shell superpotentials and their Ooguri-Vafa invariants. The discrete symmetrical groups, Z 2 , Z 3 and Z 4 , of the holomorphic curves wrapped by D-branes play the important roles in computing the superpotentials, in some sense, they are the quantum symmetries of these models. The last section is a brief summary.
II. SUPERPOTENTIAL AND RELATIVE PERIOD A. Effective Superpotential
The effective superpotential consists of two parts: the D-brane superpotental and the background flux superpotential:
W(z,ẑ) = W brane (z,ẑ) + W f lux (z).
(
On the B-model side, the effective superpotential arises from D5-brane warping 2-cycle C on Calabi-Yau threefold, Y, is
whereΓâ ∈ H 3 (Y, C) are basis of three chains with non-trivial boundaries ∂Γâ ⊃ C, and Πâ(z,ẑ) are called semi periods, which are the integrals of the holomorphic (3, 0)-form Ω 3,0 (z,ẑ) overΓâ 15, 27 .
The internal background fluxes F = F RR + τ F N S leads to an N = 1 superpotential in closed-string sector, and it also could be written in terms of periods Π a (z) ∈ H 3 (Y ):
Hence the combined effective superpotential written in terms of linear combination of relative period is:
where the coefficients N α are determined by both the topological data of the brane and flux background, and Π α (z,ẑ) are unified expressions capturing both the semi-period integrals of Ω 3,0 over 3-chainΓẑ whose boundaries are wrapped by D-branes and the period integrals over 3-cycles. These relative periods can be written as integrals of relative forms Ω(z,ẑ) over relative homology basis Γ α ∈ H 3 (Y, C):
Ω(z,ẑ).
The above superpotential is called off-shell superpotential, since it depends on both 
which leads to the on-shell superpotential W (z) = W(z,ẑ)|ẑ =critical value .
One thing needed to point out is that, when the 2-cycle C is holomorphic, it will give the BPS states of D-branes. However, when C is non-holomorphic after certain deformations, and then it will correspond to non-BPS states. The trick to deal with this is to embed the 2-cycle C in a holomorphic ample divisor D so as to consider a much simpler homology group H 3 (Y, D) of an unobstructed theory. For more details, we recommend to refer 15, 16, 27, 33 
B. Relative Period and Domain Wall
In Eq.(5), it's usually to take the boundary of Γ α (z,ẑ) ∈ H 3 (Y, D) ending on two 2-cycle:
The domain wall tension, denoted as T (z,ẑ), is the difference between the values of off-shell superpotentials for two D-brane wrapping C + and C − , respectively:
In this off-shell case, it equals to the relative period: T (z,ẑ) = Π(z,ẑ) which could be explained by the Abel-Jacobi map 6, 17 . Whenẑ take critical values, T (z) = T (z,ẑ critic ) is differed from Π(z,ẑ critic ) by bulk periods, but Eq.(8) still holds.
Than there is an alternative definition of on-shell condition(i.e. Eq. (6) ) in the open-string direction by Noether-Lefshetz locus in mathematics 33, 40 :
where π is the period vector of the ample divisor D. This definition provides a method of integrating periods on a reduced subsystem of one-dimension lower to obtain domain wall tension.
C. Picard-Fuchs Equation
Analogy to the closed-string sector, the relative periods also satisfy a set of differential equations named Picad-Fuchs equations. The Picard-Fuchs equations have the following form:
where θ andθ are abbreviations of z∂ z andẑ∂ẑ. The explicit form of these operators could be derived from Gauss-Manni system, which is the result of variation of mixed Hodge structure.
The solutions of this differential system lie in the generalized hypergeometric GKZ system, which would be discussed in the next section. The differential operators have two parts:
where the superscript b stands for bulk, bd stands for boundray, and both L b a (z) and L bd a (z,ẑ) vanish bulk periods. And in the relative form level, the r.h.s. of Eq.(10) differs from zero by at most a differential of a two-form ω 2,0 : L a (θ,θ)Ω = dω. From last subsection, we have:
Combined with Eq.(9), the periods on subsystem from ample divisor D satisfy 2πiθT (z,ẑ) = π(z,ẑ),
which in turn offer a way to calculate domain wall tension by integrating. Then substitute it into Eq.(12) and fixẑ at critical value, we obtain the inhomogeneous Picard-Fuchs equations only with bulk differential operators:
where f a (z) are defined as 2πif a (z) = L bd a π(z,ẑ critic ). When applying it to concrete example, one can find the inhomogeneous term of the r.h.s of above equation are coincide with results in 25, 33 . This offers a method to check such system.
D. Mirror Map and Instanton Sum
From above one can obtain both off-shell and on-shell superpotential in B-model and 
where Π 0 (z), Π a (z) and Πâ(z,ẑ) are chosen basis of relative periods associated with closedand open-moduli. The relative period vector in flat coordinates could be written as
In this expression, F (t) is the closed-string holomorphic N = 2 prepotential and W ± correspond to superpotential. The instanton corrections are encoded as a power series expansion of q a = e t a andqâ = etâ:
In Eq. 
III. CICY IN TORIC GEOMETRY AND EXTENDED GKZ SYSTEM
In general, the complete intersection of l hypersurfaces determined by l polynomial p r (r = 1, . . . , l) in the product of k weighted projective spaces is denoted by:
where
r is the degree of the coordinates of
] in the r-th polynomial p r (i = 1, . . . , k; r=1,. . . ,l). In order to be a Calabi-Yau manifold, ω 
For convenience, we only consider complete intersection examples in non-singular ambient spaces in this paper. Since the ambient space is a product space
it can be described by the reflexive polyhedra ∆ in R n 1 × · · · × R n k . Then the CICY manifold is constructed from this reflexive polyhedra ∆ by nef-partition, while the mirror CICY manifold is determined by dual reflexive polyhedra ∆ * with dual nef-partition [41] [42] [43] [44] .
A nef-partition is a decomposition of the vertex set V of ∆ * into a disjoint union 
In our examples, the vertices of ∆ * are the integral points v * for each i = 1, . . . , k. Then l defining polynomials can be written in toric coordinates X m,n (m = 1, . . . , k; n = 1, . . . , n m ):
It is convenient to extend each vertices to v * 
where l (s) in proper chosen basis can be written as:
where they automatically satisfy the Calabi-Yau condition (19) . One thing need to note is that this space is always with singularities and should be resolved by blowing up: adding new vertices in the polytope being∆. But the relation lattice is still the same and so are the generators. Then the moduli variable associated to l (s) is given by
The above is the story about closed-string sector on CICY, one can find more details about corresponding closed GKZ system, Picard-Fuchs equations as well as their solutions in [20] [21] [22] 44 . On the other hand, the open-string sector from D-branes can be described by the family of hypersurfaces D, which is defined as intersections {P = 0} ∩ {Q(D) = 0}. In toric
In this paper, we mainly consider about one open-string moduliẑ, and the vertices determining Q(D) comes from the same nef-partition V i ∪ {0} (i = 1, . . . , l). Then Eq. (26) has
It turns out that we can also consider enhanced polyhedron with one-dimension higher, which could give a comprehensive description for both the ambient CICY and specific chosen divisor. It also corresponds to dual F-theory compactified on fourfold determined by this enhanced polyhedron. Then the mirror manifold together with brane geometry can be constructed by dual reflexive enhanced polyhedrons (∆, ∆ * ) as {v * i,j } and
; v * i,j ; 0)} determine the l hypersurfaces function, and {w * i } = {(w * i ; 1)} describe the divisor we would choose to calculate.
Accordingly, the generator of the extended relation lattice L can be write in three parts:
where the first part {l
} is related to nef-partition, and note that if {l 
Here we used the same notation as before may cause some ambiguity, but it's easy to distinguish in concrete example, and using two variables, {i, j}, to parameter l (s) 's components is convenient to correspond {a i,j } from l equations (22) . Then differential operators for PicardFuchs equations L (s) Π(z,ẑ) = 0 from this extended GKZ system have following form:
and is related to Θ zs = z s ∂ ∂z s by
The solutions to this extended GKZ system(29) can be written immediately as:
could obtain the open-closed mirror map for this comprehensive system of type II theory as well as for the dual F-theory:
Similarly to Eq.(17), the superpotential, as a chosen special solution to Picard-Fuchs equations, encodes the Gromov-Witten invariants as well as Ooguri-Vafa invariants in power series of q i = e t i .
IV. SUPERPOTENTIALS AND OOGURI-VAFA INVARIANTS
In this subsection and next subsection, we will use the GKZ system method to calculate the on-shell and off-shell superpotentials and the Ooguri-Vafa invariants for some one-deformation modulus and two-deformation moduli compact CICYs with D-branes. The on-shell results of one-deformation modulus compact CICYs with D-branes are agree with those in the papers 25, 38 obtained from the direct integration method. We further compute the off-shell superpotentials of these models. Then we obtain both the on-shell and off-shell superpotentials for several two-deformation moduli compact CICYs with D-branes by using the extended GKZ-system method. The discrete symmetrical groups, Z 2 , Z 3 and Z 4 , of the holomorphic curves wrapped by D-branes play the important roles in computing the superpotentials, in some sense, they are the quantum symmetries of these models. Furthermore, through the mirror symmetry, the Ooguri-Vafa invariants are extracted from the A-model instanton expansion.
A. One-deformation Modulus Compact CICYs with D-branes
In this subsection, we focus on three examples with one parameter, with D-branes wrapped on curves characterized by Z 2 -, Z 3 -and Z 4 -symmetry respectively.
1. P 5 [3, 3] This is the intersection of two cubics in CP 5 , denoted by
In Toric description, this intersection could be determined by following vertices after NefPartition:
The charge vector is given by
And the invariant complex structure parameter, which is the closed string moduli here, is
. Then we have following two functions determining
After coordinates transformation as:
We obtain cubic polynomials in homogeneous coordinates:
1 . Following J. Walcher 25 , we also choose these two curves, denoted by C ± , given by
To calculate the domain wall tensions and the superpotentials for the vacua C ± , we could study the divisor:
, which interpolates between the two vacua. Here z 2 is the open string moduli, and according to this divisor the critical point of vacua is at z 2 = 1.
In the corresponding enhanced polyhedron, the vertices are where
And the corresponding charge vector becomẽ
From the GKZ system, we can compute the periods on this subsystem. First, the PicardFuchs equation is given by
where θ = u ∂ ∂u . Through Frobenius method, the regular solution with fractional power in u is:
where B {l a } (u a ; ρ a ) is the generating function of solutions of GKZ system, c 2 is the normalization constant 1 . Then we could compute the domain wall tensions from 2πiθT (z,ẑ) = π(z,ẑ), which is dependent on ξ := √ z 2 on this subsystem, as
Due to T = W + − W − and the Z 2 -Symmetry between C + and C − , namely W + = −W − , we could compute following integration
Then the off-shell superpotential is
1 The 1/2 in the normalization constant is chosen for latter computation's convenience.
And the on-shell superpotential at critical point z 2 = 1 is
With above superpotential, we could further compute corresponding A-model instanton expansion after mirror map. The inverse mirror map in terms of q i = e t i is given by 
And the Ooguri-Vafa invariants are given by:
These are agree with the J. Walcher's results 25 . Next we compute the open Ooguri-Vafa invariants of off-shell superpotential (46) . The off-shell superpotential instanton expansion has following form:
The inverse open-closed mirror map are: 
Part of those invariants extracted from (51) are listed in TABLE I. The charge vector is
P
and z 1 = a 
This includes the curves chosen in the paper 25 . Then the subsystem is
where ψ = u 
The GKZ operator of the Picard-Fuchs equation is:
where θ = u ∂ ∂u . Following the same steps, we could get
and the on-shell superpotential
The mirror map is given by 
can be obtained through following mirror map: Results are shown in Table II .
ii) In this second case, we choose following two vertices in the enhanced polyhedron: , which takes critical value at z 2 = 1 and contains three curves defined as:
where η is a third root of 1, i.e. η 3 = 1, and α 2 1,2 = −1. Obviously, there exists a Z 3 -Symmetry, in contrast to the Z 2 -Symmetry in the first case. This is quit different from proceeding examples and need a detailed discussion. The subsystem is given by:
where ψ ′ = u 
where θ = u ∂ ∂u . This GKZ system have two solutions with fractional power:
They are dependent on ξ := z 1 3
2 . We consider π 1 (u; 1 3 ). In this case, the domain wall tension of curve C η relative to a reference curve C 0 :
where ξ 0 is a reference point. With this, domain wall tension between any two holomorphic curves could be computed. And I choose η = 1 2
(−1 + i √ 3) during latter computation In fact, we only need to compute the domain wall tension between two specific curves, while other cases could be obtained just by multiplying η and η 2 because of the Z 3 -symmetry.
So the domain wall tension at critical point z 2 = 1:
In order to obtain the superpotential from this domain wall tension T η 2 ,η = W η 2 − W η , we could always choose proper reference curve such that
Eq.(73), the off-shell superpotentials could be read as:
And the on-shell superpotentials are
The π 2 (u;
) case could be obtained in a similar way and we don't bother to do it here.
It's easy to see that results in paper 25 are agree with ours up to a linear combination. Let c ′ 1 = −2, and the mirror map is also given by Eq.(62). During the calculation of instanton expansion, we found only the combination of the from like
has integral coefficients. One can easily verify that this on-shell superpotential have Z 3 -sysmmetry respect the curves we choose. The instant expansion is given by W = 108ηq 1 + . . .
with Ooguri-Vafa invariants list:
On the other hand, the open Ooguri-Vafa invariants of the off-shell superpotential W = ηW 1 + η 2 W 2 could be extracted from:
through the mirror map: Following the same steps as before, we believe this result is right.
3. P 5 321321 [6, 6] In this system, we consider the nef-partition: and the charge vector is l = (−6, −6; 3, 2, 1, 3, 2, 1).
The corresponding defining polynomials in homogeneous coordiantes are: 3 with critical value lying in z 2 = 1, which contains four curves with a Z 4 -symmetry:
where α In subsystem, the l-vector reduced to l ′ = (−6, −6; 2, 4, 3, 2, 1).
And the solutions with fractional powers could be obtained:
Take π 1 (u; 1 4 ) for example. It is same as the above example of Z 3 -symmetry that we need to choose proper reference point corresponding to a reference curve C 0 , and we use 1, ζ, ζ 2 .
Choosing the proper reference curve such that W ζ = T ζ,0 = ζT 1,0 = ζW 1 , so we could write the superpotential indexed by 1:
− n, 3 4 − n, z 2 ) Γ(4n + 2)Γ(3n + )(4n + 1)z
and similarly we could obtain those superpotential indexed by ζ, ζ 2 and ζ 3 by:
The on-shell superpotential is the off-shell superpotential at critical values z 2 = 1:
and this on-shell superpotential, together with W ζ , W ζ 2 and W ζ 3 from Eq(89), being a representation of Z 4 -symmetry. This procedure also hold for the other two solutions of Eq(86). The results are agree with J. Walcher's 25 up to a linear combination:
,
where the first superpotential is equipped with Z 2 -symmetry induced from Z 4 and the second one with Z 4 -symmetry. Certainly, the instanton expansions coincident with the results in the paper 25 , and we don't list them here anymore. 
B. Two-deformation Moduli Compact CICYs with D-branes
We consider two hypersurfaces, defined by degree (4, 0) and (2, 2) respectively, intersecting in the product space P 21111 × P 1 :   P This Calabi-Yau can be resolved by adding a vertex ν * 8 = −ν * 1 . But the divisor D 8 defined by ν * 8 does not intersect with the complete intersection, so the component corresponding to ν * 8 can be dropped as we mentioned in last section. We recommend to refer more details in A. Klemm's paper 44 . The nef-partition is chosen as
And the relation lattice is generated by:
Then two torus invariant closed-moduli parameters can be written out as:
In the enhanced polyhedron, the vertices are )) 2 Γ(1 + n 2 ) 2 (98) 
V. SUMMARY
The D-brane superpotential computation is essential for both physics and mathematics.
Physically speaking, in the low-energy effective theory, superpotential determine the vacuum structure. In the view of A-model, it is the generating function of the Ooguri-Vafa 
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